Prethermalization refers to the relaxation to a quasi-stationary state before reaching thermal equilibrium. Recently, it is found that not only local conserved quantities but also entanglement plays a key role in a special type of prethermalization, called entanglement prethermalization. Here, we show that in the Tomonaga-Luttinger model the entanglement prethermalization can also be explained by the conventional prethermalization of two independent subsystems without entanglement. Moreover, it is argued that prethermalization in the Tomonaga-Luttinger model is essentially different from entanglement prethermalization in the Lieb-Liniger model because of the different types of energy degeneracies.
I. INTRODUCTION
Relaxation and thermalization in an isolated quantum system have attracted growing interest from the viewpoint of fundamental principles of quantum and statistical physics [1] [2] [3] [4] [5] [6] 8] and experimental investigations using cold atoms [9] [10] [11] [12] . An isolated system often relaxes to a quasi-stationary state, a phenomenon known as prethermalization [13] [14] [15] [16] [17] [18] [19] [20] . It is known that prethermalization usually occurs due to the existence of local quantities which are almost conserved over a certain long timescale. In some idealized case of, e.g., an integrable system, the system never thermalizes, and a non-thermal steady state defined in such an idealized limit corresponds to a quasistationary prethermalized state in more realistic situations. Because of small deviations from the idealized limit, the system will eventually reach thermal equilibrium. In this work, we do not consider such small deviations from the idealized limit, and hence we here treat only the first stage of the relaxation to a prethermalized state.
It has recently been found that the initial entanglement between two subsystems can affect prethermalization, which we call entanglement prethermalization (EP) [21, 22] . EP has been demonstrated in the Lieb-Liniger (LL) model [23] , which describes a one-dimensional Bose gas with a contact interaction. We prepare the ground state of the LL gas and split it into two independent subsystems, let them evolve in time, and finally measure the interference pattern of the two overlapping Bose gases. It is found that the cross-correlation function of the two subsystems depends on the initial entanglement between them even in the long-time limit [21] .
On the other hand, prethermalization in the interference pattern between the split one-dimensional Bose gases has been experimentally observed [15] , and theoretically analyzed by using the Tomonaga-Luttinger (TL) model [15, 24, 25] . Since the TL model is the low-energy effective theory of the LL model, one may ask whether EP found in the LL model is identical to the prethermalization theoretically analyzed in the TL model.
In this paper, we show that the prethermalization observed in the split TL gases can also be interpreted as EP between the two subsystems, but that it should be distinguished from that in the LL model. The nature of energy degeneracies plays a key role here as explained in Sec. II. The TL model can be mapped to a system of non-interacting bosons and there are many degeneracies in the Hamiltonian. On the other hands, in the LL model, many energy degeneracies present in the TL model are lifted due to the nonlinearity of the interaction. The remaining energy degeneracies due to the translation symmetry and the inversion symmetry cause the EP in the LL model. This difference leads to the distinction concerning the EP between the TL model and the LL model.
The rest of this paper is organized as follows. In Sec. II, we explain general mechanism of EP in two noninteracting subsystems under a unitary time evolution. In Sec. III, we briefly explain the known result on the EP in the LL model. In Sec. IV, we study the EP in the TL model. In Sec. V, we consider the case in which there are interactions between two subsystem. In Sec. VI, we summarize the mail results of this paper.
II. ENTANGLEMENT PRETHERMALIZATION
We first briefly explain general mechanism of entanglement prethermalization (EP) in two noninteracting subsystems under the unitary time evolution. Usually, the initial energy is relevant for the long-time behavior of physical quantities, but the initial entanglement is not. However, if there are some energy degeneracies, the entanglement survives and can make significant contributions to the long-time behavior of physical quantities.
Here, we remark that we discuss the prethermalized state reached after the first relaxation, and do not consider the second relaxation due to small perturbations.
For this purpose, we only consider the infinite-time average of physical quantities without perturbations.
Two conditions are necessary for EP. One is to prepare an initial state in which two non-interacting subsystems are entangled. It is realized by a coherent splitting of the system as in the experiment [15] . Then, to protect the entanglement for a long time, energy degeneracies are necessary. If these two conditions are satisfied, the longtime average of the density matrix is given by a mixture of entangled states.
To be concrete, let us consider the system consisting of the two subsystems 1 and 2. The Hilbert space is given by H = H 1 ⊗ H 2 , where H α is the Hilbert space of the αth subsystem (α = 1, 2). The Hamiltonian is
If there is no initial entanglement,
(m,j) and
and there is no entanglement in |Ψ E and inρ. On the other hand, if the entanglement is present in the initial state, |Ψ E in (4) is also an entangled state, and thus the initial entanglement persists during the time evolution.
When two subsystems are identical and mappable to non-interacting bosons (as in the TL model) or fermions, there will be many n and m satisfying E n + E m = E for a fixed value of E. Such additional energy degeneracies also contribute to the entanglement in the state |Ψ E in (3) .
In this way, the presence of the initial entanglement and the energy degeneracies provide an essential mechanism of the EP.
III. ENTANGLEMENT PRETHERMALIZATION IN THE LIEB-LINIGER MODEL
We apply the mechanism of EP to the LL model. The initial state is prepared in the ground state of the LL Hamiltonian. Therefore the system has translation symmetry which leads to the momentum conservation, and inversion symmetry which leads to energy degeneracy. As a consequence, the infinite-time average of the density matrix is block-diagonalized in terms of these entangled states.
The LL Hamiltonian in the periodic boundary condition isĤ
whereψ(x) is the bosonic field operator and we employ a system of units with 2m = 1, where m is the mass of the boson, and N/L = 1. We consider the repulsive interactions, g > 0. This model is integrable and exact many-body energy eigenstates can be obtained by the Bethe-Ansatz method, where the N -body eigenstate |k N is characterized by a set of quasi-momenta k N which give the eigenenergy
To prepare an initial state with two entangled subsystems, we consider a quantum quench, which mimics a coherent split of a 1D Bose gas into the "up" component and the "down" component. We assume that the excitation energy along the radial direction is very large. In this process, each boson operatorψ(x) becomes a symmet-
and there is no "antisymmetric boson"ψ †
. Therefore, the initial state is given by the ground state ofĤ
subject to the condition
After the split, the up and down gases do not interact with each other, so the Hamiltonian after the quench is given byĤ
The interaction after the quench g ′ is arbitrary, but we chose g ′ = g in this paper. The initial sate |Ψ(0) is the ground state ofĤ 0 , and the state at time t is given by
be the quasi-momenta of the up and down components, respectively. By expanding |Ψ(0) in the basis of eigenstates ofĤ 1 , we obtain
wherê
). The time evolution is straightforwardly calculated once we determine the expansion coefficients {C(k
) can be calculated exactly by the Bethe ansatz method.
In Ref. [21] , the prethermalization is discussed by calculating the auto-correlation of the up component in the Bose gas C ↑ (x, t) = Ψ(t)|ψ † ↑ (x)ψ ↑ (0)|Ψ(t) and the cross-correlation between the up and down components
. We compare the infinity-time average and the thermal average at an effective temperature. It is numerically shown that the infinite-time average of the auto-correlation agrees with its thermal average at the effective temperature, while, as for the cross-correlation, the infinite-time average deviates from the thermal average. Moreover, the cross-correlation function cannot be described by a Gibbs state at any temperature.
The physics behind the EP is the energy degeneracy due to symmetries. The LL model has translation symmetry and inversion symmetry, which lead to energy degeneracy. As a result, the infinite-time average of the density matrix is block-diagonalized in terms of these entangled states, as discussed in Sec.II.
IV. PRE-THERMALIZATION IN THE TL MODEL
As we see below, the LL model reduces to the TL Hamiltonian in the low-energy approximation and then the quench problem considered in Sec. III by using the LL model reduces to a quench problem of the TL Hamiltonian. In this section, we study the low-energy approximation of the quench problem considered in Sec. III.
It should be emphasized that studying the long-time behavior after the quench in the TL Hamiltonian does simply not lead to an approximation of the result in Sec. III obtained by considering the infinite-time average under the LL dynamics. An important point is that, even in the low-energy regime, the quantum dynamics under the TL Hamiltonian well approximates the original dynamics under the LL Hamiltonian only in a finite timescale. Thus, the long-time behavior of the LL Hamiltonian can be different from that of the TL Hamiltonian, and in that case, the long-time behavior of the TL model corresponds to the behavior of the LL model in a long but intermediate timescale. We will be able to gain a new insight into the behavior of the LL model in an intermediate timescale after the quench by investigating the long-time behavior of the TL model. This is why we consider the low-energy approximation of the quench dynamics in Sec. III.
First, we derive the TL Hamiltonian as a low-energy effective theory of the LL Hamiltonian. We write the Bose field operator as a product of the density part and the phase partψ †
. Then, we consider that these fluctuations are very small which corresponds to the low-energy approximation. After that we obtain the TL model as a low-energy effective theory of the LL model. The TL Hamiltonian corresponding to (7) is given by
and the condition (8) reduces, in the linear order ofn andθ, to
where the "charge" and "spin" components are defined asn
Thus, the initial state |Ψ(0) is the ground state of (13) under the condition (14) . The TL Hamiltonian after the quench, which corresponds to (9) and (10), is given bŷ
witĥ
The TL model is considered as a collection of harmonic oscillators, and Eq. (18) is diagonalized aŝ
where
and
The state at t is given by |Ψ(t) = e −iĤ (T L) 1 t |Ψ(0) . In deriving Eq. (13), we have assumed that ∂ xn (x) is negligible compared with √ gn(x). This approximation is justified for |k| < k c := √ g ∼ 2π/ξ, where k c is the ultraviolet cutoff and ξ is the healing length [25] . Thus we should always consider the Fourier modes within the range |k| < k c .
Since the time evolution is determined by the Hamiltonian (19), we shall express the initial state in terms of b † k↑ and b † k↓ . From the above condition, the initial state is given by the product of the charge part and the spin part:
The charge part of the initial state |Ψ c (0) is the ground state of equation (13), which is nothing but the two-mode squeezed vacuum in terms of {b 
with
and |0 is the vacuum, b k↑/↓ |0 = 0. For the spin part,
implies
The state of the spin component (27) is the two-mode squeezed vacuum. We note that the initial state is entangled in the up-down representation:
A. EP in the TL model First, we study the time evolution after the quench in the spin-up and spin-down representation. By substituting (24) and (29) to (23), we obtain the up-down representation of the initial state which is explicitly given by
Here, R + := (tanh r c + tanh r s (k))/2, R − := (tanh r c − tanh r s (k))/2, and the state |Φ {n k } is characterized by the set of nonnegative integers n k for each mode k and the normalization condition Φ {n k } |Φ {n k } = 1. Since a pair of bosons with momenta +k and −k has the energy 2ω k , |Φ {n k } is a superposition of degenerate energy eigenstates with energy k 2n k ω k . The infinitetime average of the density matrix is obtained as [? ]
It is noted that each |Φ {n k } is an entangled state of spinup and spin-down. There are many energy degeneracies, and thus, according to the argument in Sec. II, the influence of the initial entanglement lasts forever, and the system will reach a stationary sate which is different from thermal equilibrium. This is nothing but EP.
If the initial state of the two subsystems (spin-up and spin-down) are prepared independently and there is no entanglement between them, each subsystem will evolve to the generalized Gibbs ensemble (GGE) [27, 28] ,
, (34) because it is known that integrable systems relax to the GGE [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . Here, the parameters {λ k↑↓ } are determined by the initial values of the conserved quantities
(35) Explicitly, they are given as
We note that this GGE has no correlation between the spin-up and spin-down subsystems, and hence this is different from Eq. (33) . In this way, the property of the stationary state depends on the initial entanglement.
B. Spin-charge representation
In this subsection, we treat the same problem in the spin-charge representation. As explained in Sec. II, the initial entanglement between the two noninteracting subsystems and the energy degeneracies provide the mechanism of the EP. It is noted that the presence of the entanglement depends on how to decompose the system into the two subsystems. In the TL model which is split into the two parts ↑ and ↓, a natural choice is the subsystem with the ↑ component and that with the ↓ component. However, there is another choice of decomposition into noninteracting subsystems, that is, the spin component and the charge component. In the spin-charge representation, the Hamiltonian after the quench is given bŷ
It is apparent from Eqs. (23) and (37) that there is no entanglement between the spin and charge subsystems, and there is no interaction in the Hamiltonian after the quench. Therefore, the spin and charge subsystems will independently evolve to their own stationary states described by the GGE and there is no EP. Along this line, Kitagawa et al. [24, 25] calculated the time evolution of the full-distribution function of the interference contrast by utilizing the spin-charge representation. The result obtained in the spin-charge representation is equivalent to that in the up-down representation presented in Sec. IV A.
In the spin-charge representation, the post-quench Hamiltonian (17) is given by Eq. (37), and the HamiltoniansĤ
Thus the time evolution of the charge component is independent of that of the spin component. The charge and spin components are initially decoupled (no entanglement), and hence they are independent of each other for any t > 0,
Since the spin and charge components independently relax to their own stationary states, the stationary state will be given by the GGE of charge and spin components,
where λ 
We can define an effective inverse temperature governing a long-length scale of the spin component as β eff := lim k→0 λ s k /ω k . We obtain
which is the same as the one obtained by Kitagawa et al. [25] . Since the cross-correlation function is solely determined by the spin component (see the next section), its long-distance behavior in the stationary state agrees with the thermal equilibrium curve at the effective inverse temperature β eff .
C. Auto-correlation function and cross-correlation function
We calculate auto-correlation function and the crosscorrelation function. The auto-correlation function is expressed as where O denotes the average of O over density matrices such as ρ(t) = |Ψ(t) Ψ(t)| (exact time evolution),ρ (the infinite-time average given in Eq. (33)), ρ GGE ↑↓ (GGE in the up-down representation), and ρ GGE sc (GGE in the spin-charge representation). The cross-correlation function is given by
The system size is very large (N =L=10000), and the interaction strength is set as g = 0.1. Figures 1 and 2 show the nonequilibrium time evolution of the auto-correlation and the cross-correlation after a coherent split, respectively. The black dashed line represents the infinite-time average calculated by using Eq. (33) . We can see that correlations in the prethermalized state emerge locally and propagate through the system in a light-cone-like evolution, which is consistent with the experiment of Ref. [17] . Figures 3 and 4 show the comparison of the autocorrelation functions and the cross-correlation functions, respectively, computed by using several different density matrices. The red curve shows the infinite-time average obtained by usingρ in Eq. (33), the blue curve shows the GGE result in the up-down representation ρ GGE ↑↓ , and the green curve shows the GGE result in the spin-charge representation ρ GGE sc . As for the auto-correlation function, all the curves agree with each other, indicating that the initial entanglement is not important for the auto-correlation. As for the cross-correlation function, the GGE curve of ρ c k = λ s k (and λ c k − λ s k depends on the strength of the initial entanglement), and the GGE cannot be decomposed into the product of the density matrices of the up and down subsystems. Therefore, in this case, the correlations between the two subsystems are important in the non-thermal steady state. In this way, the presence or absence of the initial entanglement strongly affects the steady state even if the two subsystems interact with each other.
VI. CONCLUSION AND DISCUSSION
We have investigated the prethermalization after a coherent splitting of a one-dimensional Bose gas. The prethermalization is explained by a combination of the initial entanglement between the two subsystems and energy degeneracies due to symmetries. If there are energy degeneracies, the initial entanglement persists even after a long-time average. Because of the importance of the initial entanglement, this prethermalization is called the entanglement prethermalization (EP).
What we find in the EP in the TL model is that the initial entanglement is important for the cross-correlation function, but not for the auto-correlation function. The prethermalized state is described by a mixture of entangled states, in the up-down representation, which clearly shows the EP in the TL model. We can also analyze the same problem in the spin-charge representation as done in Ref. [25] . In this representation, the prethermalized state is written as a product of the GGEs for charge and spin components since there is no entanglement between the charge component and the spin component. Thus, in the TL model, the EP between the up and down components is equivalent to the usual prethermalization without entanglement in the charge and spin components (see also Ref. [22] ).
Moreover, we have found that the initial entanglement still affects the long-time behavior of the system even when the up and down subsystems interact with each other. This is due to the special feature of the TL model, i.e., the spin-charge separation.
In the previous work [21] , EP was studied in the LL model. Although the TL model is regarded as a lowenergy effective theory of the LL model, the EP in the TL model cannot be understood as an approximation of the EP found in the LL model. The timescale of the EP in the LL model discussed in the previous work is so long that the low-energy approximation is not valid. Since the dynamics in the TL Hamiltonian gives a good approximation of the dynamics in the LL model in a long but finite timescale, it is expected that the EP in the TL model found in this paper also occurs in the LL model in an intermediate timescale before reaching the true stationary state of the LL model.
